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Cosmic ray anisotropies

I (n) ≡ φ(n)

φiso
≡ 1 + δI (n)

32NDINTERNATIONALCOSMICRAYCONFERENCE,BEIJING2011

Figure1:Two-dimensionalrelativeintensitymapintheequatorialcoordinatesystemof5TeVgalacticcosmicrays
observedbytheTibetair-showerexperiment.

local anti sidereal time (deg.)
0306090120150180210240270300330360

R
e
la
ti
v
e
 I
n
te
n
s
it
y

0.997

0.998

0.999

1

1.001

1.002

1.003

 / ndf 2 χ 16.94 / 22
Prob   0.7666
amplitude 3.22e-05 ±  9.228e-05 
phase 20.02 ±  182.9 

 / ndf 2 χ 16.94 / 22
Prob   0.7666
amplitude 3.22e-05 ±  9.228e-05 
phase 20.02 ±  182.9 

sro27-47:P34

R.A. (deg.)
0306090120150180210240270300330360

R
e
la
ti
v
e
 I
n
te
n
s
it
y

0.997

0.998

0.999

1

1.001

1.002

1.003

 / ndf 2 χ 41.81 / 18
Prob   0.001177
amplitude1 3.222e-05 ±  0.0008741 
phase1 2.114 ±   33.3 
amplitude2 3.223e-05 ±  0.0003966 
phase2 2.329 ±  279.2 
amplitude3 3.223e-05 ±  3.747e-05 
phase3 16.43 ±  186.2 

 / ndf 2 χ 41.81 / 18
Prob   0.001177
amplitude1 3.222e-05 ±  0.0008741 
phase1 2.114 ±   33.3 
amplitude2 3.223e-05 ±  0.0003966 
phase2 2.329 ±  279.2 
amplitude3 3.223e-05 ±  3.747e-05 
phase3 16.43 ±  186.2 

sro27-47:P34

Right Ascension (deg.)

local anti−sidereal time (deg.)

(b)

(a)

R
el
at
iv
e 
In
te
ns
it
y

R
el
at
iv
e 
In
te
ns
it
y

Figure2:(a)ThesiderealdailyvariationobservedbytheTi-
betexperimentat6.2TeVfromDecember2001toNovember
2003.Thebest-fitfunctionwiththreeFouriercomponentsis
shownbytheblackline.(b)Theanti-siderealdailyvariation
observedbytheTibetexperimentat6.2TeVfromDecem-
ber2001toNovember2003.Thebest-fitsinusoidalcurveis
shownbytheblackline.
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Figure3:TimedependenceofthemaximumdepthofLoss-
ConeobservedbytheTibetexperimentat4.4,6.2,12TeV
(a)andtheMatsushiroundergroundmuonobservatoryat
0.6TeV(b)[4],alongwithMilagro’sdatarepresentedby
blueopeninversetrianglesandthebest-fitlinearfunctionto
Milagro’sdata.ThedataandtheirerrorsbytheMatsushiro
undergroundmuonobservatoryaremultipliedbythree,to
compensatefortheattenuationoftheamplitudeinthesub-
TeVenergyregion.Alltheerrorbarsin(a)and(b)arethe
linearsumsofthestatisticalandsystematicerrors.
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Small-scale anisotropies

• subtract off dipole and
quadrupole

• smooth with 10◦ disk

→ small-scale features

Abeysekara et al., ApJ 796 (2014) 108
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Energy dependence

Abeysekara et al., arXiv:1805.01847

Decrease of amplitude and flip of direction around 100 TeV also seen by IceCube
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Time dependence
No. 1, 2010 TEMPORAL VARIATIONS OF MULTI-TeV CR ANISOTROPY 123
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Figure 2. CR intensity variation in the local sidereal time frame for CRs with the modal energy around 5 TeV in the nine phases of Tibet III array. Top: two-dimensional
intensity map of each phase; Bottom: one-dimensional projection averaged over all declinations. In bottom plots of each panel, the red crosses in each plot show the
intensity variation over each phase respectively, while the dashed blue lines represent the intensity averaged over all nine phases of Tibet III array.

The observation period of Tibet III array covers more than a
half of the 23rd solar activity cycle from the maximum to the
minimum. So it implies that the sidereal anisotropy of multi-TeV
GCRs is insensitive to the solar activity. It disagrees with the
recent result of Milagro experiment (Abdo et al. 2009), which
shows an increase in the amplitude of the sidereal anisotropy
with time while the phase remains stable.

4. CONCLUSIONS

In this work, we investigate temporal variations of the large-
scale sidereal anisotropy of GCR intensity using the data of
Tibet III Air Shower Array from 1999 November to 2008
December. Totally ∼4.91 × 1010 CR events are used. The data
are divided into nine intervals, each in a time span of about one
year. We find that, in the multi-TeV energy range, the sidereal
anisotropy is fairly stable year by year over all nine phases
of Tibet III array, which covers more than a half of the 23rd
solar cycle from the maximum to the minimum. It indicates that
the anisotropy in this energy range appears insensitive to solar
activities. This feature can give some constraints on the origin
of the sidereal anisotropy, which has no convincing and widely
accepted explanations so far.

The collaborative experiment of the Tibet Air Shower Arrays
has been performed under the auspices of the Ministry of
Science and Technology of China and the Ministry of Foreign
Affairs of Japan. This work was supported in part by Grants-in-
Aid for Scientific Research on Priority Areas (712) (MEXT),
by the Japan Society for the Promotion of Science (JSPS), by
the National Natural Science Foundation of China, the Chinese

Academy of Sciences and the Ministry of Education of China.
C.F. is partially supported by the Natural Science Foundation of
Shandong Province, China (No. Q2006A02).
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Angular power spectrum
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Figure 8. Angular power spectra of the unsmoothed relative intensity map (Fig. 4) before (blue) and after (red) fitting and subtraction of
the dipole, quadrupole, and octupole moments (ℓ ≤ 3). The error bars on the Cℓ are statistical. Note that the ℓ < 3 terms in the residual
spectrum are not shown because they were found to be compatible with zero within statistical uncertainties. The gray bands show the 68%
and 95% spread of the Cℓ for isotropic data sets.

from the diagonal components of the covariance matrix
(see Efstathiou (2004) for a detailed discussion). The
gray bands in Fig. 8 indicate the 68% and 95% spread
of the Cℓ around the median for a large number of rel-
ative intensity maps representing isotropic arrival direc-
tion distributions. These isotropic skymaps were gener-
ated by comparing the counts from the reference map to
a Poisson-fluctuated reference map.

The angular power spectrum of the relative intensity
map shows, as expected, a strong dipole (ℓ = 1) and
quadrupole (ℓ = 2) moment. With increasing ℓ, the
strength of the corresponding moments Cℓ decreases, but
higher order multipoles up to ℓ = 15 still contribute
significantly to the sky map. After subtraction of the
dipole, quadrupole, and octupole (ℓ = 3) moments by the
fit method described above, the dipole and quadrupole
moments are missing in the spectrum and the octupole
moment is diminished by two orders of magnitude. All
other moments are still present and, excluding ℓ = 4,
have the same strength as in the original map given sta-
tistical uncertainties. This indicates that the procedure
described above is successful in reducing the correlation
between the different ℓ modes caused by the incomplete
sky coverage. However, the fact that the octupole mo-
ment is not completely removed after the fit shows that
some correlation between modes persists.

As mentioned in Section 4.1, sky maps produced with
the direct integration method to estimate the reference
level are potentially biased because the method can mask
or reduce the strength of declination-dependent struc-
tures. Since the angular power spectrum is based on
these sky maps, it is also affected by this limitation of
the technique. The effect can lead to an underestima-
tion of the power in certain multipoles, especially those
with low ℓ, and might thus distort the shape of the power
spectrum. It also complicates comparisons between the
measured power spectrum and theoretical predictions.

However, the angular power spectrum remains a power-
ful diagnostic tool, for example in the evaluation of the
two methods used to eliminate large-scale structure de-
scribed in Section 4.1.

4.4. Study of the Region A Excess

The study of Region A in Milagro data showed that the
spectrum of the cosmic-ray flux in this region is harder
than the isotropic cosmic-ray flux, with a possible cut-
off around 10TeV. At this point, a detailed study of the
energy dependence of the flux in the excess regions with
HAWC is not possible. Energy estimators based on the
tank signal as a function of distance to the shower core
are currently being developed, but these techniques will
only reach their full potential with data from the com-
plete 300-tank detector. Here, we perform a study based
on a simple energy proxy that is based on the number
of PMTs in the event and the zenith angle of the cosmic
ray. In Fig. 9, we show the median cosmic-ray energy
as a function of these two parameters, based on simu-
lations. As expected, for a fixed number of PMTs, the
median energy rises with zenith angle, as the shower has
to traverse a larger integrated atmospheric depth.

Based on this plot, we identify 7 bins in median energy
given by (1.7+6.6

−1.3)TeV, (3.2+10.9
−2.4 )TeV, (5.6+14.2

−3.9 ) TeV,

(8.4+20.3
−5.9 )TeV, (9.8+24.8

−6.7 ) TeV, (14.1+28.7
−9.9 )TeV, and

(19.2+32.3
−13.3)TeV, respectively. We define Region A as

all pixels within a radius of 10◦ about the center at
(α, δ) = (60.0◦, −7.1◦). The relative intensity of the
cosmic-ray flux in Region A is then obtained using the
sum of all the angular bins in this region, for the 7 me-
dian energy bins. To check the technique we also use
the amplitude of a two-dimensional Gaussian fit to the
relative intensity map. Since the relative intensity of the
excess as a function of radial distance to the center is
relatively flat near the center, the methods give similar
results.

IceCube
Aartsen et al., ApJ

826 (2016) 220

IceCube+HAWC
Daz-Vlez et al.,

arXiv:1708.03005

8 M. G. Aartsen et al.

Figure 5. Angular power spectra for the relative intensity map for six years of IceCube data. Blue and red points show the power spectrum
before and after the subtraction of the best-fit dipole and quadrupole terms from the relative intensity map. Error bars are statistical (see
the text for a discussion of systematic errors). The gray bands indicate the 68% (dark) and 95% (light) spread in the C` for a large sample
of isotropic data sets. The power spectrum is calculated using the unsmoothed map.

4.2. Energy Dependence of Anisotropy

To study the energy dependence of the cosmic-ray
anisotropy, we split the data into the nine energy bins de-
scribed in Section 3.2. This results in a sequence of maps
with increasing median energy, starting from 13TeV for
the lowest-energy bin to 5.3 PeV for the highest-energy
bin. The sky maps in relative intensity for all nine en-
ergy bins in equatorial coordinates are shown in Fig. 6.
In addition to the nine maps based on IceCube data,
we also show the IceTop map with its median energy of
1.6 PeV. Because of the reduced statistics in these maps,
we have applied a top-hat smoothing procedure with a
smoothing radius of 20� to all, improving the sensitivity
to larger structure. Note that the relative intensity scale
for these plots is identical for energies up to 580TeV,
where it then switches to a di↵erent scale to account for
the strong increase in relative intensity. For the IceTop
bins with 580 TeV, 1.4PeV, and 5.4 PeV median energy
and for the IceTop data, Fig. 7 shows the sky maps in
statistical significance.

The maps clearly indicate a strong energy dependence
of the global anisotropy. The large excess from 30� to
120� and deficit from 150� to 250� that dominate the sky
map at lower energies gradually disappear above 50 TeV.
Above 100 TeV a change in the morphology is observed.
At higher energies, the anisotropy is characterized by a
wide relative deficit from 30� to 120�, with an amplitude
increasing with energy up to at least 5 PeV, the highest
energies currently accessible to IceCube. To illustrate
the phase change, the relative intensity sky maps are
shown in polar coordinates in Fig. 8. It is important to
note that the time-scrambling method used to calculate
the reference map decreases in sensitivity as we approach
the polar regions. This e↵ect is clearly visible in Fig. 8,
where the relative intensity approaches zero at the pole
for each map, but is not indicative of the morphology of
the true anisotropy.

Because of the poor energy resolution, it is di�cult to

accurately determine the energy where the transition in
anisotropy occurs and how rapid the transition is. To il-
lustrate the energy dependence of the phase and strength
of the anisotropy, we show in Fig. 9 amplitude (left) and
phase (right) of the dipole moment as a function of en-
ergy. Both values are calculated by fitting the set of
harmonic functions with n  3 to the projection of the
two-dimensional relative intensity map (Fig. 6) in right
ascension,

3X

n=0

An cos[n(↵� �n)] , (1)

where An is the amplitude and �n is the phase of the nth

harmonic term, respectively. The fit is performed on a
projection with a 5� bin width in right ascension. We fit
the one-dimensional projection in right ascension rather
than the full sky map because the two-dimensional fit
of spherical harmonics to the map is di�cult to perform
with a limited field of view. As a result of the method
we apply to generate the reference map, the sky map will
in any case only show the projection of any dipole com-
ponent, so the one-dimensional fit is su�cient to study
the energy dependence of the dominant dipole. The val-
ues for the projections in each energy bin are provided
in Tab. 3.

The red data points in Fig. 9 are based on the Ice-
Top data. While the phase agrees well with that of
the IceCube data at similar energies, the amplitude of
the anisotropy is larger for the IceTop data than for
any IceCube energy bin. A possible explanation for the
di↵erence could be the di↵erent chemical composition
of the IceCube and IceTop data sets. Table 4 shows
the relative composition of cosmic rays detected in Ice-
Cube and IceTop according to simulation, based on a
primary cosmic-ray composition according to the model
by Hörandel (2003). For IceCube, we list the composi-
tion for all nine energy bins. Elements are grouped in
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Figure 5. Angular power spectra for the relative intensity map for six years of IceCube data. Blue and red points show the power spectrum
before and after the subtraction of the best-fit dipole and quadrupole terms from the relative intensity map. Error bars are statistical (see
the text for a discussion of systematic errors). The gray bands indicate the 68% (dark) and 95% (light) spread in the C` for a large sample
of isotropic data sets. The power spectrum is calculated using the unsmoothed map.

4.2. Energy Dependence of Anisotropy

To study the energy dependence of the cosmic-ray
anisotropy, we split the data into the nine energy bins de-
scribed in Section 3.2. This results in a sequence of maps
with increasing median energy, starting from 13TeV for
the lowest-energy bin to 5.3 PeV for the highest-energy
bin. The sky maps in relative intensity for all nine en-
ergy bins in equatorial coordinates are shown in Fig. 6.
In addition to the nine maps based on IceCube data,
we also show the IceTop map with its median energy of
1.6 PeV. Because of the reduced statistics in these maps,
we have applied a top-hat smoothing procedure with a
smoothing radius of 20� to all, improving the sensitivity
to larger structure. Note that the relative intensity scale
for these plots is identical for energies up to 580TeV,
where it then switches to a di↵erent scale to account for
the strong increase in relative intensity. For the IceTop
bins with 580 TeV, 1.4PeV, and 5.4 PeV median energy
and for the IceTop data, Fig. 7 shows the sky maps in
statistical significance.

The maps clearly indicate a strong energy dependence
of the global anisotropy. The large excess from 30� to
120� and deficit from 150� to 250� that dominate the sky
map at lower energies gradually disappear above 50 TeV.
Above 100 TeV a change in the morphology is observed.
At higher energies, the anisotropy is characterized by a
wide relative deficit from 30� to 120�, with an amplitude
increasing with energy up to at least 5 PeV, the highest
energies currently accessible to IceCube. To illustrate
the phase change, the relative intensity sky maps are
shown in polar coordinates in Fig. 8. It is important to
note that the time-scrambling method used to calculate
the reference map decreases in sensitivity as we approach
the polar regions. This e↵ect is clearly visible in Fig. 8,
where the relative intensity approaches zero at the pole
for each map, but is not indicative of the morphology of
the true anisotropy.

Because of the poor energy resolution, it is di�cult to

accurately determine the energy where the transition in
anisotropy occurs and how rapid the transition is. To il-
lustrate the energy dependence of the phase and strength
of the anisotropy, we show in Fig. 9 amplitude (left) and
phase (right) of the dipole moment as a function of en-
ergy. Both values are calculated by fitting the set of
harmonic functions with n  3 to the projection of the
two-dimensional relative intensity map (Fig. 6) in right
ascension,

3X

n=0

An cos[n(↵� �n)] , (1)

where An is the amplitude and �n is the phase of the nth

harmonic term, respectively. The fit is performed on a
projection with a 5� bin width in right ascension. We fit
the one-dimensional projection in right ascension rather
than the full sky map because the two-dimensional fit
of spherical harmonics to the map is di�cult to perform
with a limited field of view. As a result of the method
we apply to generate the reference map, the sky map will
in any case only show the projection of any dipole com-
ponent, so the one-dimensional fit is su�cient to study
the energy dependence of the dominant dipole. The val-
ues for the projections in each energy bin are provided
in Tab. 3.

The red data points in Fig. 9 are based on the Ice-
Top data. While the phase agrees well with that of
the IceCube data at similar energies, the amplitude of
the anisotropy is larger for the IceTop data than for
any IceCube energy bin. A possible explanation for the
di↵erence could be the di↵erent chemical composition
of the IceCube and IceTop data sets. Table 4 shows
the relative composition of cosmic rays detected in Ice-
Cube and IceTop according to simulation, based on a
primary cosmic-ray composition according to the model
by Hörandel (2003). For IceCube, we list the composi-
tion for all nine energy bins. Elements are grouped in

Philipp Mertsch (RWTH Aachen) Cosmic ray anisotropies 1 June 2018 8 / 31



Angular power spectrum

HAWC
Abeysekara et al.,

ApJ 796 (2014) 108

also Abeysekara et al.,

arXiv:1805.01847

0 5 10 15 20 25 30 35 40

10 10

10 9

10 8

10 7

10 6

C

2.0 TeV

IceCube
Aartsen et al., ApJ

826 (2016) 220

IceCube+HAWC
Daz-Vlez et al.,

arXiv:1708.03005

PRELIMINARY

Philipp Mertsch (RWTH Aachen) Cosmic ray anisotropies 1 June 2018 8 / 31



Score sheet

Properties

• large-scale anisotropy of the order 10−3 . . . 10−4 at
TeV . . .PeV energies

• small-scale anisotropy of similar size

• directional pattern also changes with energy

• no time-dependence

Limitation
Relative intensity in declination bands not fixed by reconstruction
→ insensitive to anisotropies that align with Earth’s rotation axis
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Outline

1 Observations

2 Quasi-linear theory

3 Small-scale turbulence model

4 Other models for small-scale anisotropies
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Vlasov equation

• Liouville’s theorem:

df

dt
=
∂f

∂t
+ ṙ · ∇rf + ṗ · ∇pf = 0

• In a regular and turbulent magnetic field:

B(r) = B0 + δB(r) ≡ p0/e (Ω + ω(r))

• Angular momentum operator L ≡ −ıp×∇p:

ṗ · ∇pf = p× (Ω + ω(r)) · ∇pf = −ı(Ω + ω(r)) · Lf

• Deterministic and stochastic operators L0 and δL:

∂f

∂t
+ (ṙ · ∇r − ıΩ · L)︸ ︷︷ ︸

L0

f + (−ıω · L)︸ ︷︷ ︸
δL

f = 0
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Quasi-linear theory

e.g. Jokipii, Rev. Geophys. 9 (1971) 27

• Equations for averaged phase space density and fluctuations: f = 〈f 〉+ δf

∂

∂t
〈f 〉+ L0〈f 〉 = −〈δLδf 〉 ,
∂

∂t
δf + L0δf ' −δL〈f 〉 .

• Integration along unperturbed trajectories P(t ′)

δf (t, r,p) ' δf (t0, r(t0),p(t0))−
∫ t

t0

dt ′
[
δL〈f 〉

]
P(t′)

• Scattering term 〈δLδf 〉 can be approximated as

〈δLδf 〉 ' −
〈
δL
∫ t

−∞
dt ′
[
δL〈f 〉

]
P(t′)

〉
' ∂

∂µ
Dµµ

∂

∂µ
〈f 〉

→ Pitch-angle diffusion → spatial diffusion
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Small-scale turbulence and ensemble averaging

• in standard diffusion, compute C` from 〈f 〉:

C std
` =

1

4π

∫
dp̂1

∫
dp̂2 P`(p̂1 · p̂2)〈f (p̂1)〉〈f (p̂2)〉

• however, in an individual realisation of δB, δf = f − 〈f 〉 6= 0

〈C`〉 =
1

4π

∫
dp̂1

∫
dp̂2 P`(p̂1 · p̂2)〈f (p̂1)f (p̂2)〉

• if f (p̂1) and f (p̂2) are correlated,

〈f (p̂1)f (p̂2)〉 ≥ 〈f (p̂1)〉〈f (p̂2)〉 ⇒ 〈C`〉 ≥ C std
`

Source of the small scale anisotropies?
Giacinti & Sigl, PRL 109 (2012) 071101

Ahlers, PRL 112 (2014) 021101, Ahlers & Mertsch, ApJL 815 (2015) L2, Pohl & Rettig, Proc. 36th ICRC

(2016) 451, López-Barquero et al., ApJ 830 (2016) 19, López-Barquero et al. ApJ 842 (2017) 54
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Gradient ansatz

• Vlasov equation:

∂f

∂t
+ (ṙ · ∇r − ıΩ · L)︸ ︷︷ ︸

L0

f + (−ıω · L)︸ ︷︷ ︸
δL

f = 0

• Gradient ansatz:
f (r, p̂) = f (r0, p̂) + (r0 − r) · G ,

→ Dipolar source term in the Vlasov equation:

∂f

∂t
+ (−ıΩ · L)︸ ︷︷ ︸

L′0

f + (−ıω · L)︸ ︷︷ ︸
δL

f = c p̂ · G
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Mixing matrices

• Formal solution of Vlasov equation:

f (r,p, t) = Ut,t0 f (r,p, t0) +

∫ t

t0

dt ′Ut,t′c p̂ · G

→ Differential equation for 〈C`〉,

d

dt
〈C`〉(t) +

(
lim
t0→t

δ``0 −M``0 (t, t0)

t − t0

)
〈C`0〉(t) =

8π

9
K |G|2δ`1

where

M``0 (t, t0) =
1

4π

∫
dp̂A

∫
dp̂BP`(p̂A · p̂B)〈UA

t,t0
UB∗
t,t0
〉2`0 + 1

4π
P`0 (p̂A · p̂B)

• Consider the steady-state, d〈C`〉/dt = 0

mixing `0 → ` sourcing `
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One particle propagator

“Feynman” rules

• free propagator: U
(0)
t,t′ t t′

1
• stochastic field: δL(t)

t

1
• correlation: 〈δL(t)U

(0)
t,t′δL(t ′)〉 t t′

1
〈Ut,t0〉 ≡ = + +

+ + + . . .
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One particle propagator

“Feynman” rules

• free propagator: U
(0)
t,t′

1
• stochastic field: δL(t)

1
• correlation: 〈δL(t)U

(0)
t,t′δL(t ′)〉

1
〈Ut,t0〉 ≡ = + +

+ + + . . .
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Double propagator

For 〈f (p̂1)f (p̂2)〉 we need correlated evolution of two particles:

〈UA
t,t0U

B∗
t,t0〉 = +

(
+ +

)

+

(
+ + +

+ + + +

+ + +

)
+ . . .
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Ignoring correlations

• If 〈f (p̂1)f (p̂2)〉 = 〈f (p̂1)〉〈f (p̂2)〉

〈UA
t,t0U

B∗
t,t0〉 ' + + +

1

• Mixing matrix diagonal:
M``0 (t, t0) ∼ δ``0

d

dt
〈C`〉(t) +

(
lim
t0→t

δ``0 −M``0 (t, t0)

t − t0

)
〈C`0〉(t) =

8π

9
K |G|2δ`1 ,

→ only dipolar anisotropy:
〈C`〉 ∝ δ`1 ,
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With correlations

• 〈f (p̂1)f (p̂2)〉 6= 〈f (p̂1)〉〈f (p̂2)〉

〈UA
t,t0U

B∗
t,t0〉 ' + + +

1

• Mixing matrix not diagonal:

M``0 (t, t0) ∼ δ``0 +
∑

`A

κ`A(t − t0)

(
` `A `0

0 0 0

)2

(2`0 + 1)`0(`0 + 1)

d

dt
〈C`〉(t) +

(
lim
t0→t

δ``0 −M``0 (t, t0)

t − t0

)
〈C`0〉(t) =

8π

9
K |G|2δ`1 ,

→ Gradient source term is mixing into higher harmonics!
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With correlations

• 〈f (p̂1)f (p̂2)〉 6= 〈f (p̂1)〉〈f (p̂2)〉
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M``0 (t, t0) ∼ δ``0 +
∑

`A

κ`A(t − t0)

(
` `A `0

0 0 0

)2

(2`0 + 1)`0(`0 + 1)

d

dt
〈C`〉(t) +

(
lim
t0→t

δ``0 −M``0 (t, t0)

t − t0

)
〈C`0〉(t) =

8π

9
K |G|2δ`1 ,

→ Gradient source term is mixing into higher harmonics!
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Toy model

• Isotropic turbulence tensor:

〈ω̃i (k) ω̃∗j (k′)〉 =
g(k)

k2

(
δij − k̂i k̂j

)
δ(k− k′)

• Band-limited white noise:

g(k) = g0 if k0 ≤ k < k1

2 /k0

2 /k1

• In order to get local operators

∆T ≡ (t − t0)→ 0 while k1∆T = const.

• Require k1∆T > 1 and k0∆T � 1
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Results

1 5 10 15 20 25 30

`

10−10

10−9

10−8

10−7

10−6

10−5

10−4

C
`

k1c∆T = 1

k1c∆T = 10

k1c∆T = 50

k1c∆T = 102

k1c∆T = 103

k1c∆T = 104

HAWC and IC (2017)

HAWC (2018)

• Fix source term K |G|2 to 10−4k0

• No shot noise
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Results
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`
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k1c∆T = 10

k1c∆T = 50

k1c∆T = 102

k1c∆T = 103

k1c∆T = 104

HAWC and IC (2017)

HAWC (2018)

• Let source term K |G|2 float

• Add shot noise due to experimental statistics
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Discussion

Good agreement over wide parameter range

→ Beware of cosmic variance:

∆C` =
√

2/(2`+ 1)〈C`〉

• The anisotropy of the ensemble average might not be perfectly dipolar
Giacinti & Kirk, ApJ 835 (2017) 258

• Need to include regular field Ω

• Test different turbulence tensors
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Focussing CRs
p2
⊥

2B
= const.
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Focussing CRs
p2
⊥

2B
= const.

Beck et al., JINST 9 (2014) P11020
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Focussing CRs

• beam width

δθ '
√

Bmin

Bmax

' 5◦
(
Bmax/Bmin

100

)−1/2

• beam can be subdominant

• source needs to be close to
maximum → unnatural?

• small-scale turbulence will broaden
beam → source needs to be closer
than scattering length O(10) pc at
1 PeV
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Non-uniform pitch-angle scattering

Solve Fokker-Planck equation but with Dµµ 6= D0(1− µ2)

1 Goldreich-Sridhar turbulence → narrow peak in Dµµ → narrow beam in CRs
Malkov et al., ApJ 721 (2010) 750

2 modification of the large-scale anisotropy:
I compute Dµµ in quasi-linear theory in various turbulence models
I can have peak close to µ = 0
I consider higher-order terms in series in µ
I large-scale anisotropy modified

Giacinti & Kirk, ApJ 835 (2017) 258
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Are heliospheric effects strong enough?

• Solar modulation in force field approximation with
O(100) MeV potentials

→ Can this effect TeV-PeV cosmic rays?

• Alignment of excess region with heliotail

• rg ' 200 (R/TV)(B/µG)−1 AU is . size of heliosphere

• Need not modify isotropic flux, but only arrival directions:

Drury (2013)

• Electric field due to relative bulk speed of
ISM CRs in heliosphere: E = −v × B

• v = 10 km/s, B = 10µG→ 1.5 MV/AU

• If field coherent over 100 AU→ 150 MV

• 10−4 effect for TeV particles
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Explaining the excess in the heliotail

Lazarian and Desiati, ApJ 722 (2010) 188, Desiati and Lazarian, ApJ 762 (2013) 44

FIGURE 6. (a) Cut through the heliospheric current sheet in two phases of the solar cycle [4]. (b) Solar
cycle imprint in the heliosheath [21].
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• Reconnection in the heliotail → harder spectrum in excess region

• Super-Alfvénic turbulence with λmfp ∼ rg → excess in the heliotail

• Misalignment of ISM flow and B direction → non-dipolar anisotropies

• Reconstruction errors of large-scale (angular) gradient→ small-scale structure
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Detailed numerical model
Zhang, Zuo and Pogorelov, ApJ 790 (2014) 5

• state-of-the-art MHD model of heliosphere

• backtrack from initial distribution with ∇⊥ ln n, dipole and quadrupole

1 acceleration in electric fields

2 non-uniform pitch–angle scattering along the regular magnetic field

3 drift diffusion perpendicular to the field (“B–cross–gradient” forces)

The Astrophysical Journal, 790:5 (17pp), 2014 July 20 Zhang, Zuo, & Pogorelov

because in this particular trajectory, the particle passes through
the solar corona where the magnetic field is strong enough to
alter the trajectory significantly in a very short distance.

The trajectory that arrives in the direction of the heliotail (red)
also starts with a moderate pitch angle cosine, so the particle can
go through the heliotail quickly. There are some small energy
and pitch angle changes during the propagation, which result in a
slight deviation from the original Compton–Getting anisotropy
and pitch angle anisotropy. However, there is quite an amount of
drift in the guiding center when the particle propagates through
the heliotail where the magnetic field strength is much weaker
than in the interstellar field.

In the directions close to the plane perpendicular to the
interstellar magnetic field (3: blue curves), the particle starts
with a small pitch angle cosine from 0. The particle spends
more time in the vicinity of the heliotail. Every time it passes
through the weaker heliotail magnetic field, its guiding center
drifts rapidly. While there are some variations of particle energy
and pitch angle, the drift in the guiding center dominates this part
of the trajectory. Combining this with the long propagation time,
the particle has a greater chance of drifting farther away in all the
variables. This is the major reason why we see strong deviations
near the plane perpendicular to the unperturbed local interstellar
magnetic field. A slight offset from the exact plane perpendicular
to the interstellar magnetic field is expected because the particle
can be deflected by the high nonuniform heliospheric magnetic
field.

For the particle arriving in the direction of (4: black curves), it
passes through the heliotail with a large drift in its guiding center.
The behavior is very similar to the particle arriving exactly in
the heliotail direction (red curves). In this sense, the strong
deviation in the B − V plane toward the northern tail direction
comes from the same effect of the heliotail. The direction is not
exactly along the tail because the particle is deflected by the
heliospheric magnetic field.

3.5. Composite Anisotropy

As expressed by Equation (14), the total anisotropy observed
by cosmic ray experiments is a linear combination of the above
three types of anisotropy: Compton–Getting, pitch angle, and
b cross gradient. Compton–Getting anisotropy is pretty much
fixed due to the certainty of the cosmic ray energy spectrum. The
pitch angle anisotropy has two parameters: the amplitudes of the
unidirectional and bidirectional anisotropies A1|| and A2||. The b
cross gradient anisotropy is subject to two free parameters: the
two components of the cosmic ray density gradient vector in the
plane perpendicular to the interstellar magnetic field ∇⊥ ln F .
Due to the complexity of the heliosphere-distortion pattern of
these three types of anisotropy, different combinations of the
four free parameters can look vastly different in the composite
anisotropy map. The effects of the plane perpendicular to the
unperturbed local interstellar magnetic field and the hellotail
that show up in each individual component of the three types
of anisotropy can cancel each other out or amplify each other.
Some of the features may or may not show up in the composite
anisotropy.

In order to understand the physical reality in the observations
of cosmic ray anisotropy, it is necessary to determine how much
each of the three types of anisotropy contributes to the whole.
We choose to use a least χ2 method to fit observational data
with Equation (14). Since the distributions of p, Rg − R0, and µ
under heliospheric influence have already been calculated in the
above, what is left unknown are the four linear parameters A1||,

Figure 9. Top: map of composite anisotropy from Equation (14) with best
fit parameters in Table 1, (middle) map of a superposition of dipoles and
bidirectional anisotropies in the LISM without heliospheric influence, and
(bottom) the difference between the top and middle maps.
(A color version of this figure is available in the online journal.)

A2||, ∇ĝ1 ln F , and ∇ĝ2 ln F . A minimization procedure similar
to the common linear regression by setting the derivatives of χ2

to zero can allow us to determine the best fit parameters. We
apply this procedure to cosmic ray anisotropy measurements at
6 TeV energy from the Tibet ASγ experiment. As a matter of
fact, so far, we have not obtained the original data. Instead, we
use synthetic data that are generated from the best fits to the
original Tibet ASγ data with a superposition of two orthogonal
dipoles and one bidirectional distribution (Amenomori et al.
2009; Mizoguchi et al. 2009).

The best fit composite anisotropy map is shown in Figure 9.
The top is the total anisotropy, which fits the synthetic Tibet ASγ
to a somewhat satisfactory degree according to examination by
eye. It shows a large-scale pattern: enhancement in the heliotail
direction and depression in the helionose direction. There are
also some patterns in the intermediate scale that can be picked
up more easily if we enhance the scale range. The middle panel
of Figure 9 is a superposition of three dipole distributions
(Compton–Getting, unidirectional pitch angle, and b cross
gradient) plus a bidirectional pitch angle distribution along the
interstellar magnetic field of our heliosphere model. The bottom
panel is the difference map, showing the distortion made by the
presence of the heliosphere. Features left in the difference map
are the elongated heliotail along the B − V plane and the warped
ring offset from the plane perpendicular to the unperturbed local
interstellar magnetic field. The B − V plane has been thought to

11
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Summary

Observations
• anisotropies down to ∼ 5◦

• power law in ` for ` > 5

• no time-dependence

PRELIMINARY

1 5 10 15 20 25 30

`
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C
`

k1c∆T = 1

k1c∆T = 10

k1c∆T = 50

k1c∆T = 102

k1c∆T = 103

k1c∆T = 104

HAWC and IC (2017)

HAWC (2018)

Small-scale turbulence model
Correlated propagation of particle pairs:

• Stochastic differential equation

• Diagrammatic technique

• Predicts power law spectrum
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Time evolution operator

• Liouville’s theorem:

∂

∂t
f + (L0 + δL(t)) f (t) = 0 ı~

∂

∂t
|ψ(t)〉 − (H0 + HI ) |ψ(t)〉 = 0

• Formally solved as

f (r,p, t) = Ut,t0 f (r,p, t0) |ψ(t)〉 = U(t, t0)|ψ(t0)〉

• With free propagator:

U
(0)
t,t0

= exp

[
−
∫ t

t0

dt ′L0(t ′)

]
U(0)(t, t0) = exp [−ıH0(t − t0)/~]

• And time evolution operator:

Ut,t0 = U
(0)
t,t0
T exp

[
−
∫ t

t0

dt ′
(
U

(0)
t′,t0

)−1

δL(t ′)U(0)
t′,t0︸ ︷︷ ︸

∼interaction picture Hamiltonian

]
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Mean Green’s function
• Perturbative expansion (Dyson series):

Ut,t0
= U

(0)
t,t0

+
∑

n≥1

(−1)n
∫ t

t0

dtn

∫ tn

t0

dtn−1 . . .

∫ t2

t0

dt1

× U
(0)
t,tnδL(tn)U

(0)
tn,tn−1

δL(tn−1) . . . δL(t1)U
(0)
t1,t0

.

• But δL(t) is a random variable. So what is 〈Ut,t0
〉?

• Evaluate expectation values in Gaussian approximation:

〈δL(tn)δL(tn−1) . . . δL(t1)〉 ' 〈δL(tn)δL(tn−1)〉 . . . 〈δL(t1)δL(t0)〉+ permut.

• Fourth order term:
∫ t<t4<t3<t2

t0

dt4 . . . dt1U
(0)
t,t4
δL(t4)U

(0)
t4,t3

δL(t3)U
(0)
t3,t2

δL(t2)U
(0)
t2,t1

δL(t1)U
(0)
t1,t0

+

∫ t<t4<t3<t2

t0

dt4 . . . dt1U
(0)
t,t4
δL(t4)U

(0)
t4,t3

δL(t3)U
(0)
t3,t2

δL(t2)U
(0)
t2,t1

δL(t1)U
(0)
t1,t0

+

∫ t<t4<t3<t2

t0

dt4 . . . dt1U
(0)
t,t4
δL(t4)U

(0)
t4,t3

δL(t3)U
(0)
t3,t2

δL(t2)U
(0)
t2,t1

δL(t1)U
(0)
t1,t0
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Mean Green’s function
• Perturbative expansion (Dyson series):

Ut,t0
= U

(0)
t,t0

+
∑

n≥1

(−1)n
∫ t

t0

dtn

∫ tn

t0

dtn−1 . . .

∫ t2

t0

dt1

× U
(0)
t,tnδL(tn)U

(0)
tn,tn−1

δL(tn−1) . . . δL(t1)U
(0)
t1,t0

.

• But δL(t) is a random variable. So what is 〈Ut,t0
〉?

• Evaluate expectation values in Gaussian approximation:

〈δL(tn)δL(tn−1) . . . δL(t1)〉 ' 〈δL(tn)δL(tn−1)〉 . . . 〈δL(t1)δL(t0)〉+ permut.

• Fourth order term:
∫ t<t4<t3<t2

t0

dt4 . . . dt1U
(0)
t,t4
δL(t4)U

(0)
t4,t3

δL(t3)U
(0)
t3,t2

δL(t2)U
(0)
t2,t1

δL(t1)U
(0)
t1,t0

+

∫ t<t4<t3<t2

t0

dt4 . . . dt1U
(0)
t,t4
δL(t4)U

(0)
t4,t3

δL(t3)U
(0)
t3,t2

δL(t2)U
(0)
t2,t1

δL(t1)U
(0)
t1,t0

+

∫ t<t4<t3<t2

t0

dt4 . . . dt1U
(0)
t,t4
δL(t4)U

(0)
t4,t3

δL(t3)U
(0)
t3,t2

δL(t2)U
(0)
t2,t1

δL(t1)U
(0)
t1,t0
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Resummation and Bourret approximation

• Full series convergent, but partial series can diverge

→ Resummation of connected diagrams into “mass operator”

= + + + . . . ,

1

so summands in 〈Ut,t0
〉 factorise:

= + + + . . .

1

• Bourret approximation: approximate mass operator with its first term,

≡ + + + . . .
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Diffusion on sphere

• For homogeneous and static turbulence and Ω = 0:

〈Ut,t0
〉 ' e−ν(t−t0)L2

• Diffusion equation in n̂:

∂

∂t
f (t, n̂)− ν∆f (t, n̂) = 0

• Laplacian on sphere (for |r| = 1):

∆ = −L2

• Solved by:

f (t, n̂) = e−ν(t−t0)L2

f (t0, n̂) = 〈Ut,t0
〉f (t0, n̂)

Bourret propagator describes isotropic pitch-angle scattering
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