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ABSTRACT
We apply a novel adaptive mesh refinement code, AMRVAC, to numerically investigate the
various evolutionary phases in the interaction of a relativistic shell with its surrounding cold
Interstellar Medium (ISM). We do this for both 1D isotropic as well as full 2D jetlike fire-
ball models. This is relevant for Gamma Ray Bursts, and we demonstrate that, thanks to the
AMR strategy, we resolve the internal structure of the shocked shell-ISM matter, which will
leave its imprint on the GRB afterglow. We determine the deceleration from an initial Lorentz
factorγ = 100 up to the almost Newtonianγ ∼ O(2) phase of the flow. We present axisym-
metric 2D shell evolutions, with the 2D extent characterized by their initial opening angle. In
such jetlike GRB models, we discuss the differences with the 1D isotropic GRB equivalents.
These are mainly due to thermally induced sideways expansions of both the shocked shell
and shocked ISM regions. We found that the propagating 2D ultrarelativistic shell does not
accrete all the surrounding medium located within its initial opening angle. Part of this ISM
matter gets pushed away laterally and forms a wide bow-shockconfiguration with swirling
flow patterns trailing the thin shell. The resulting shell deceleration is quite different from
that found in isotropic GRB models. As long as the lateral shell expansion is merely due to
ballistic spreading of the shell, isotropic and 2D models agree perfectly. As thermally induced
expansions eventually lead to significantly higher lateralspeeds, the 2D shell interacts with
comparably more ISM matter and decelerates earlier than itsisotropic counterpart.

Key words: Gamma Rays: Afterglow, Hydrodynamics, Theory – ISM: jets and outflows –
Galaxies: jets, ISM – methods: numerical, relativity, AMR

1 INTRODUCTION

Many high energy astrophysical phenomena involve relativistic
flows and shocks. For example, relativistic flows are invokedto
explain the observed properties of various compact astrophysical
objects (Arons 2004; Ferrari 1998; Corbel 2004). Astrophysical
relativistic flows can reach a Lorentz factor of 2− 10 in associ-
ation with jets from Seyfert and radio loud galaxies (Piner et al.
2003), or even go up to Lorentz factors 102 − 103 for Gamma Ray
Burst (GRB) scenarios (Sari & Piran 1999; Soderberg & Ramirez-
Ruiz 2001; Mészáros 2006). In the last decade, continued develop-
ment of numerical algorithms and the increase in computer power
have allowed to significantly progress in high-resolution,hydro-
dynamic numerical simulations in both special and general rela-
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tivity (see Marti & Mũller 2003). The enormous time and length
scale ranges associated with violent astrophysical phenomena in
relativistic hydrodynamics (RHD), make Adaptive Mesh Refine-
ment (AMR) an important algorithmic ingredient for computation-
ally affordable simulations. RHD numerical simulations, particu-
larly when combined with AMR capabilities, can investigatemany
details of relativistic flow regimes relevant for astrophysics.

In this paper, we concentrate on relativistic dynamics in the
fireball model for the afterglow phases of GRBs, in one and two
dimensional simulations. Since the follow-up detection ofGRBs
in X-ray (Costa et al. 1997) and their afterglows at longer wave-
lengths (Sahu et al. 1997; Van Paradijs et al. 1997; Galama etal.
1997; Frail et al. 1997; Piro et al. 1998), the cosmological origin
of GRBs has been established (Metzger 1997; Wijers 1997). These
detections confirmed the predictions from the fireball theoretical
model (Rhoads 1993; Katz 1994; Mészáros & Rees 1997; Vietri
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1997). In this model, a compact source releases a large amount of
energy in a very short timescale, producing a fireball expanding
with relativistic velocity. Its internal energy gets fullyconverted to
kinetic energy, leading to a shell expanding with very high Lorentz
factor. This cold shell continues to expand and interact with the cir-
cumburst medium, producing a relativistic shock-dominated evolu-
tion. As the shell sweeps up the matter, it begins to decelerate. Here,
we investigate the details of such propagating relativistic shells
with the relativistic hydrodynamics code AMRVAC (Bergmanset
al. 2004). The AMRVAC code (Keppens et al. 2003) is here for
the first time applied to the numerically challenging regimeof high
Lorentz factor, and we therefore include a variety of test problems,
demonstrating the robustness as well as the limitations of our com-
putational strategy.

Up till recently, analysis of GRB flows have largely been done
analytically (Shemi & Piran 1990; Sari & Piran 1995; Mészáros &
Rees 1997; Chiang & Dermer 1999), combined with numerical ap-
proaches usually employing a Lagrangian code. These latterworks
mainly investigate spherically symmetric GRB scenarios for obvi-
ous computational convenience (Panaitescu et al. 1997; Kobayashi
et al. 1999; Kobayashi & Sari 2000). Recently, some analytical
works started to investigate the multidimensional jet structure in
GRBs (Rhoads 1997, 1999; Panaitescu & Mészáros 1999; Sariet
al. 1999; Kumar & Panaitescu 2000; Panaitescu & Kumar 2003;
Cheng et al. 2001; Oren et al. 2004; Kumar & Granot 2003), and
some numerical simulations emerged as well, but restrictedto rel-
atively low (order 25) Lorentz factor (Granot et al 2001; Cannizzo
et al. 2004). Therefore, an important area of current investigations
in GRB context is to model the dynamics of narrow jets of rela-
tivistically flowing ejecta. This is motivated by the need toreduce
the total amount of energy released in GRBs, by assuming these
jets to point towards the observer, as compared to fully isotropic
equivalents. This need is particularly clear for the exemplary cases
of GRB 990123 (Kulkarni et al. 1999), GRB 050820A (Cenko et
al. 2006), and GRB 050904 (Frail et al. 2006).

The detection of polarization (Covino et al. 1999; Wijers et
al. 1999; Greiner et al. 2003; Lazzati et al. 2004) gave further
support to the jetlike model. Evidence for narrow collimated out-
flows in GRBs is sustained also by the achromatic breaks in the
afterglow light curves which was predicted analytically (Rhoads
(1997, 1999); Sari et al. (1999)) and then observed in a largenum-
ber of GRBs (Stanek et al. 1999; Sari et al. 1999; Berger et al.
2000; Panaitescu 2005; 2006; Barthelmy et al. 2005). In Bloom
et al. (2003), various GRBs were analysed and in 16 of them,
the combination of these breaks in the spectrum and the jet-like
model was used to deduce their effective energy, which was about
E ∼ 1051ergs. The half opening angle of such jets in GRBs is in-
ferred to be of order few degrees. As a result, the afterglow produc-
ing shocked region is collimated too, with a similar initialopen-
ing angle (Frail et al 2001; Berger et al. 2003; Cenko et al. 2006;
Panaitescu 2005; Dar & De Rújula 2004). In our 2D simulations,
we will concentrate on the afterglow phases in the GRB evolution
starting from collimated ejecta, and discuss those dynamical effects
causing opening angle changes in detail. Direct comparisonwith
the evolution of an equivalent 1D spherical shell is enlightening in
this respect.

This paper is organised as follows. We start by reviewing the
relativistic hydrodynamic equations. In Section 3, we include sev-
eral tests to demonstrate the AMRVAC code potential for realistic
RHD computations. In Section 4, we present our main astrophysi-
cal application to GRB flows in 1D and 2D models.
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Figure 1. One-dimensional relativistic shock problem in planar geometry
at t = 0.36. The solid lines are the analytical solution.

2 RELATIVISTIC HYDRODYNAMIC EQUATIONS

The special relativistic hydrodynamic evolution of a perfect fluid
is governed by the conservation of the number of particles, and
energy-momentum conservation. These two conservation laws can
be written as

(ρuµ)µ = 0 , (Tµν)µ = 0 . (1)

whereρ, ~u =
(

γ, γ~v
)

, andTµν = ρh uµ uν + p gµν define, respec-
tively, the proper density, the four-velocity and the stress-energy
tensor of the perfect fluid. Their definition involves the Lorentz
factorγ, the fluid pressurep, and the relativistic specific enthalpy
h = 1 + e + p/ρ wheree is the specific internal energy. For the
(inverse) metricgµν, we take the Minkowski metric. Units are taken
where the light speed equals unity.

These equations can be written in conservative form involv-
ing the Cartesian coordinate axes and the time axis of a fixed ‘lab’
Lorentzian reference frame as

∂U
∂t
+

3
∑

j=1

∂F j

∂xj
= 0 . (2)

The conserved variables can be taken as

U =
[

D = γ ρ, ~S = γ2ρ h~v, τ = γ2ρ h− p− γρ
]T
, (3)

and the fluxes are then given by

F =
[

ργ~v, γ2ρ h~v~v+ pI, γ2ρ h~v− γρ~v
]T
, (4)

whereI is the 3× 3 identity matrix. To close this system of equa-
tions, we use the equation of state (EOS) for an ideal gas, which is
the polytropic equation with the polytropic indexΓ,

p = (Γ − 1) ρe. (5)

At each time step in the numerical integration, the primitive
variables (ρ,~v, p) involved in flux expressions should be derived
from the conservative variablesU resulting in a system of nonlinear
equations. One can bring this system into a single equation for the
pressurep,

τ + D − γ(p) D − p+ Γp(γ(p)2 − 1)
Γ − 1

= 0 , (6)

which, once solved forp yields~v = ~S
τ+p+D . This nonlinear equa-

tion (6) is solved using a Newton-Raphson algorithm.
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Table 1. L1 errors of the density for the 1D Riemann problem 1 with uni-
form grid shown att = 0.36

Number of grid points L1

200 1.15× 10−1

400 6.4× 10−2

800 3.2× 10−2

1600 1.9× 10−2

3200 1.06× 10−2

3 TESTING AMRVAC

In view of the challenges in the numerical investigation of rela-
tivistic fluids, we include here several substantial test results for
code validation. We performed a large series of tests, some of them
shown in this section. An important subclass of test cases isformed
by Riemann problems, whose numerical solution can be compared
to analytical solutions. Other, 2D tests shown here have no known
analytical solution. Therefore, we compare the results of our sim-
ulations with similar results previously obtained by othercodes as
documented in the astrophysical literature.

3.1 One-dimensional test problems

3.1.1 Riemann problems

In 1D Riemann problems, we follow the evolution of an initialdis-
continuity between two constant thermodynamical states. In 1D
RHD, we then typically find the appearance of up to three non-
linear waves. Generally, one finds a shock wave propagating into
the lower density/pressure medium, a rarefaction wave propagat-
ing at sound speed into the denser medium, and between these two
states, there can be a contact discontinuity. In the tests that follow,
calculations are done in Cartesian geometry on a spatial domain
0 6 x 6 1. The exact solutions for Riemann problems in relativistic
hydrodynamics are discussed for vanishing tangential speed (i.e.y
or/andz components for velocities) in Marti & Mũller (1994) and
for arbitrary tangential flow velocity in Pons et al. (2000).

In a first, mild test, we assume an ideal gas with polytropic
index 5/3 and initial constant states characterized bypL = 13.3,
ρL = 10.0 (left) andpR = 0.66× 10−6, ρR = 1.0 (right), separated
at the locationx = 0.5. The results att = 0.36 are shown in Fig. 1
with a resolution of 100 cells on the base level and 4 levels, where
we also overplot the exact solution. In the table 1, we present the
L1 = Σ

(

∆xj

)

|ρ j −ρ(xj)| norm errors of the densityρ, whereρ(xj) is
the exact solution. The accuracy of our result is comparableto that
of Lucas-Serrano et al. (2004); Zhang & MacFadyen (2006).

In a second test, we look particularly into effects due to non-
vanishing tangential velocities, for two ideal gases with polytropic
indexΓ = 5/3. We separate two different constant statespL = 103,
ρL = 1.0 (left) and pR = 10−2, ρR = 1.0 (right). For the trans-
verse velocity we form nine combinations of the pairvy,L and
vy,R. As in Pons et al. (2000); Mignone et al. (2005), we take
vy,L = (0.0,0.9, 0.99)c in combination withvy,R = (0.0,0.9, 0.99)c.
The spatial separation between the two states is initially at x = 0.5.
The results att = 0.4 are shown in Fig. 2, where we also overplot
the exact solution using the code in Marti & Mũller (2003).

The relativistic effects in these tests are mainly thermodynam-
ical in the first mild test, and are due to coupling between thether-
modynamics (through specific enthalpy) and kinetic properties (by
the initial tangential velocities). For small tangential velocity cases,

we use only a resolution of 200 cells on the base level and 4 levels.
However, for a high tangential velocity case, we use high base res-
olution 400 with 10 levels to resolve the contact discontinuity and
the tail of the rarefaction wave. In fact, for a high tangential veloc-
ity at left (in the high pressure state), the effective inertia of the left
state increases. This makes the occurring shock move slowerand
decreases the distance between the tail of the rarefaction wave and
the contact discontinuity. As also found in Zhang & MacFadyen
(2006), it remains a numerical challenge to capture the contact dis-
continuity properly, which we only managed here by allowinga
very high effective resolution.

3.1.2 Shock Heating Test

In another 1D test case, a cold fluid hits a wall and a shock front
propagates back into the fluid, compressing and heating it asthe
kinetic energy is converted into internal energy. Behind the shock,
the fluid becomes at rest. This test has an analytical solution in
planar symmetry as considered by Blandford & McKee (1976), and
the jump conditions are

p2 = ρ1 (γ1 − 1) (γ1Γ + 1) ,

ρ2 = ρ1
γ1Γ + 1
Γ − 1

,

vsh = (Γ − 1)
γ1v1

γ1 + 1
. (7)

These give the post shock pressurep2 and densityρ2 values in terms
of the incoming density and Lorentz factor, together with the shock
propagation velocityvsh.

In our test we take the same initial conditions as in the recent
paper by Zhang & MacFadyen (2006), where a cold fluidp = 10−4

with a densityρ = 1.0 has an impact velocity ofv1 =
(

1.0− 10−10
)

.
This corresponds to a Lorentz factorγ = 70710.675. The tem-
perature after the shock becomes relativistic, and therefore we
take the polytropic indexΓ = 4/3. Hence the shock velocity is
vsh = 0.33332862. The AMR simulation is done with 20 cells on
the base level and 4 levels on the spatial range 0< x < 1. The
result att = 2, with the reflective wall atx = 1, is shown in Fig. 3.
The exact solution is overplotted as well. In this test, because of
the constant state behind the shock, the maximum impact Lorentz
factor that can be achieved numerically is limited only by the pre-
cision of the Newton-Raphson subroutine. This test is important to
demonstrate its accurate treatment, in view of the intendedsimula-
tions aimed at afterglows in GRBs. Indeed, in the shell-frame, the
circumburst medium hits the dense shell with a high Lorentz factor.
In a process similar to what is found in the above test, the kinetic
energy of the impacting medium is converted to thermal energy of
the external medium. Viewed in the lab frame, the swept up circum-
burst medium will have similarly high Lorentz factor and will form
a hot shocked layer ahead of the contact interface. Note alsothat
Fig. 3 indicates that our discretization and wall treatmentdoes not
suffer from the visible density errors seen in Zhang & MacFadyen
(2006).

3.2 Two-dimensional tests

3.2.1 A relativistic 2D Riemann problem

A two dimensional square region is divided into four equal areas
with a constant state each. We fix the polytropic indexΓ = 5/3 and
assume free outflow boundary conditions. The relativistic version
of this test was proposed by Del Zanna & Bucciantini (2002) and
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Figure 2. One-dimensional relativistic shock problems in planar geometry with tangential velocitiesvy. The results presented correspond tot = 0.4. The solid
lines are the analytical solution (Pons et al. 2000); from left to right vy,R = (0, 0.9, 0.99)c, and from top to bottomvy,L = (0, 0.9, 0.99)c.
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Figure 3. One-dimensional shock heating problem in planar geometry,
where a cold fluid hits a wall located atx = 1. The results presented corre-
spond tot = 2. The computational grid consists of 20 zones with 4 levels of
refinement. The solid lines are the analytical solution.

subsequently reproduced by Lucas-Serrano et al. (2004); Zhang &
MacFadyen (2006) and under slightly improved initial conditions
by Mignone et al. (2005). We repeat this simulation with the same
initial configuration from Del Zanna & Bucciantini (2002), namely
(

ρ, vx/c, vy/c, p
)NE

= (0.1,0.0, 0.0,0.01) ,
(

ρ, vx/c, vy/c, p
)NW

= (0.1,0.99, 0.0, 1.0) ,
(

ρ, vx/c, vy/c, p
)SW

= (0.5,0.0, 0.0,1.0) ,
(

ρ, vx/c, vy/c, p
)SE

= (0.1,0.0, 0.99, 1.0) . (8)

The simulation is done with 48× 48 cells at the lowest grid
level, and we allow for 4 levels. The result is shown in Fig. 4.

Our result is in qualitative agreement with those results published,
and shows the stationary contact discontinuities between SW-SE
and SW-NW with a jump in the transverse velocity. These are
somewhat diffused by the employed TVDLF discretization (Tóth &
Odstrčil 2006). A simple and easily affordable remedy for improve-
ment is to activate many more grid levels. Shocks feature across
the interfaces NW-NE and SE-NE, propagating diagonally to the
NE region, and an elongated diagonal shock structure forms as the
NE sector recedes into the RHS top corner. In the SW corner, an
oblique jet-like structure forms with a bow shock.

3.2.2 Relativistic jet in 2D cylindrical geometry

Since it is relevant for our 2D GRB simulations, we also present
a two-dimensional simulation of an axisymmetric relativistic jet
propagating in a uniform medium. We simulate the C2 jet model
from Marti et al. (1997), but with an enlarged domain and at higher
effective resolution. Our computational domain covers the region
0 < r < 15 and 0 < z < 50 jet radii. Initially, the relativis-
tic jet beam occupies the regionr 6 1, z 6 1, with vjet = 0.99,
ρjet = 0.01 and its classical Mach numberM = 6. In this case, the
jet is super-sonic but its temperature is still classical, so we can take
the polytropic indexΓ = 5/3. The density of the external medium
is ρext = 1.0. We follow the evolution untilt = 130, and this end
result is shown in Fig. 5. We performed the simulation with a reso-
lution at the lowest level of the grid set to 90×300, and allowed for
a total of 5 levels of refinement eventually achieving an effective
resolution of 1440× 4800.

In this simulation, the relativistic motion of the flow domi-
nates, the thermal energy is weak compared to the kinetic energy.
As a result the external medium influences only weakly the jetand
the Lorentz factorγ ∼ 7 flow produces a cocoon structure from
the tip of the jet. One also finds a weak transverse expansion of the
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Figure 4. Density distribution for the two dimensional shock tube problem
at t = 0.4. With a polytropic indexΓ = 5/3, a base resolution of 48×48 and
4 AMR levels.

outflow in accord with what is reported by Marti et al. (1997).This
transverse expansion of the jet is induced by the pressure build-up
inside the cocoon Begelman & Cioffi (1989). In our simulation, the
average transverse expansion obtained is occurring at an estimated
speed ofvT = 0.11c. Moreover, at the contact interface between
shocked external medium and jet material, complex vorticalstruc-
tures form. These originate from Kelvin-Helmoltz type instabili-
ties, as a consequence of cold fast jet outflow meeting a more static
medium. The average propagation speed of the jet head is found to
be 0.414c, which is in agreement with the one-dimensional analyt-
ical estimate of 0.42c as given by Marti et al. (1997).

3.2.3 Wind tunnel with step

We reproduce here a standard test in the hydrodynamic literature,
namely the forward facing step test from Emery (1968); Wood-
ward & Colella (1984), but adjusted to the relativistic hydro regime
as in Lucas-Serrano et al. (2004); Zhang & MacFadyen (2006).A
horizontal relativistic supersonic flow enters a tunnel with a flat for-
ward facing step. The test was done with a resolution 50×100 zones
with 4 levels. The size of the tunnel is 06 x 6 3 and 06 y 6 1.
The step is 0.2 in height and its position is atx = 0.6. It is treated as
a reflecting boundary. The upper boundary and lower boundaryfor
x < 0.6 are also both reflecting. However, the left boundary is fixed
at the given inflow and the right one has free outflow. Initially, the
whole computational domain is filled with ideal gas withΓ = 7/5
with a densityρ = 1.4 moving atvx = 0.999, i.e., with a Lorentz
factor γ = 22.37. The Newtonian Mach number is set to 3. The
result of our simulation is shown in Fig. 6 at timet = 4.26. In this
test, the relativistic flow collides with the step, as a result a reverse
shock propagates back against the flow direction and this shock re-
flects from the upper boundary. A Mach stem forms and remains
stationary. The result of our simulation is comparable to what is
reported in Lucas-Serrano et al. (2004).

Figure 5. Density distribution for the axisymmetric relativistic jet at t =
130. At left, we show the lab frame density, at right, we show the proper
density in a logarithmic scale. The computational base gridconsists of 90×
300 zones with 5 levels of refinement and the domain size is 15× 50.

Figure 6. Density distribution, in logarithmic scale, for the forward facing
step problem, att = 4.26.
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Figure 7. The five regions characterizing the interaction of the relativistic shell with the ISM att = 2.2× 106s. Panel(a): Lorentz factor, (b): logarithm of the
pressure, (c): logarithm of density.
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Figure 8. Ratio of thermal energy to mass energy, when the shell reaches distance:R' 6.5×1016cm (t ' 2.2×106s) (left), andR' 4.3×1017cm (t ' 1.5×107s)
(right).

4 GRBS AND MODELS FOR THEIR AFTERGLOW
PHASE

A popular model for GRB flows is known as the fireball model. In
this model, GRBs are produced by a relativistic outflow following
a violent event near a compact object. A large amount of energy
is promptly released by the compact source in a region with small
baryon loading (for a review see Piran (2005)). Initially, most of the
energy of the flow is in the form of internal (thermal) energy.The
shell expands rapidly converting its internal energy to kinetic. After
the acceleration phase is complete, the shell is cold and moves with
relativistic speeds.

This cold shell interacts with the circumburst medium, pro-
ducing strong shocks. Our simulations will consider the dynamics
from this phase onwards. As the shell sweeps up mass from the
external medium, the kinetic energy in the relativistic shell is grad-
ually transferred to kinetic and internal energy in the shocked am-
bient medium. Moreover, the shell itself gets traversed by areverse
shock, which in turn converts the kinetic energy of the shellto in-
ternal energy.

The observed afterglow emission that follows the prompt GRB
emission is believed to come from synchrotron (with possible in-
verse Compton contribution) emiting electrons that are accelerated
in the forward and reverse shocks (Sari et al. 1998; Galama etal.
1998). In the initial phases of the shell-ISM interaction, the elec-
trons can be in the fast cooling regime (i.e. their cooling timescale
is shorter than the expansion timescale) and, therefore, radiate effi-
ciently most of the energy injected to them. Furthermore, ifmost of
the energy dissipated in the shocks accelerates the electrons, then

one has to consider radiative shocks. If either of the previous con-
ditions does not hold, the radiative losses in the shocks aresmall.
Here, we assume that the radiative losses are dynamically unimpor-
tant, i,e., the shocks are adiabatic throughout these simulations.

4.1 1D isotropic shell evolution

In this simulation, we consider an ISM with uniform number den-
sity nISM = 1 cm−3. Many GRB afterglows (more than 25%) seem
to be produced in such constant density medium (Chevalier & Li
2000; Panaitescu & Kumar 2002; Chevalier et al. 2004). This con-
stant density medium can be the resultant of a Wolf-Rayet star pro-
genitor, with its surroundings shaped by a weak stellar wind(Van
Marle et al. 2006). Initially we set a uniform relativistic shell at
R0 = 1016cm from the central engine, since according to Woods
& Loeb (1995) the interaction of the shell with the ISM becomes
appreciable at this distance. The shell has an initial Lorentz factor
of γ = 100 (aγ > 100 is in accord with a shell which is optically
thin to gamma-rays (Woods & Loeb 1995; Sari & Piran 1995)), and
energy

E = 1054ergs= 4πγ2 R2
0δ ρshellc

2, (9)

where δ stands for the lab-frame thickness of the shell set to
5 × 1012cm is of the order of the expected value for a fireball
δ ∼ max(c∆t,R0/γ

2), where∆t is the duration of the GRB. The
ISM and the shell are cold, and the initial pressure is set topISM =

10−3nISM mp c2 and pshell = 10−3nshell mp c2 respectively. Note that
this implies a huge initial contrast in the density measuredin the
lab-frame between the shell and the ISMDshell/DISM ∼ 109, and
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Figure 9. The five zones present when the relativistic shell interactswith the ISM att ' 1.5× 107s. (a) Lorentz factor, (b) log of pressure, (c) log of density.
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R0 = 1016cm to R = 300× R0 b) when the shell decelerates following
the Blandford-McKee profile.

this presents an extreme challenge from a computational point of
view. Initially, the energy of the shell is then mainly kinetic. We use
a constant polytropic indexΓ = 4/3, as the interaction shell-ISM
will be dominated by the forward shock, where the temperature of
the shocked ISM becomes relativistic.

In this simulation we use an effective resolution of 1536000
cells corresponding to the highest grid level 10 allowed. Weuse

the full AMR capabilities in this simulation, since we simulate on
a domain of size [0.3,300]×1016cm, with 30000 grid points on the
lowest level. Att = 0, the shell itself is then only resolved from
grid level 6 onwards, when we use a refinement ratio of 2 between
consecutive levels. The initial shell is resolved by about 25 cells in
grid level 10 (later in the dynamical evolution this means that there
are many more grid points throughout the widening structure). We
use this very high effective resolution to avoid any numerical diffu-
sion which may cause an artificial spreading of the shell. We ensure
that throughout the entire simulation, grid level 10 is activated and
concentrates fine grids on both the forward shock and reverseshock
regions. Both are very important to determine the precise timing of
the deceleration.

In Fig. 7, we show snapshots taken at lab-frame timet '
2.2 × 106s corresponding to an early time in the entire simulation,
and in Fig. 9, we show snapshots taken at timet ' 1.5 × 107s cor-
responding to a time when the shock is fully developed, we will
concentrate our discussion mainly on this figure 9. These figures
demonstrate that we resolve all four regions that characterise the
interaction between an outward moving relativistic shell and the
cold ISM. From right to left, we recognize (Fig. 9) (1) the ISM
at rest, (2) the shocked ISM that has passed through the forward
shock, with its Lorentz factor raised toγ(2) ∼ 30. This swept-up
ISM gets compressed at the front shock and its number density
reachesn(2) ∼ 75cm−3 ∼ Γ γ(2)+1

Γ−1 (Sari & Piran 1995). These two
values correspond to the analytical estimate given by eq. (7) for the
front shock propagation. Region (3) represents part of the initial
shell material which is shocked by the reverse shock. The reverse
shock propagates back into the cold shell, reducing its Lorentz fac-
tor and converting its kinetic to thermal energy. Transfer of energy
from the initial cold shell thus occurs both at the forward and the re-
verse shock. Regions (2) and (3) are separated by a contact discon-
tinuity (Mészáros & Rees 1992). At this spherical contactsurface,
the longitudinal velocity (Lorentz factor in 1D case) and pressure
remain constant, but there is a jump in density. Furthermore, re-
gion (4) is the unshocked cold material of the shell, moving with
a Lorentz factorγ(4) = 100. The weak thermal energy of the shell
interior itself did induce a slight expansion in the thickness of this
part of the shell.

The reverse shock separating region (3) and (4) prop-
agates into the cold shell with a Lorentz factorγRS =

γ(3) γ(4)

(

1− v(3)v(4)/c2
)

∼ 2.5. This reverse shock is Newtonian
inefficient in raising the thermal energy content as is shown in
Fig. 8 (left panel), where we draw the specific thermal energy
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in the shocked ISM and shell when the shell reaches a distance
R ' 6.5 × 1016cm. The reverse shock remains Newtonian until it
reaches a distance from the GRB source ofR∼ 3.8×1017cm. Then
it becomes mildly relativistic untilR ∼ 4.3 × 1017cm where the
reverse shock becomes very efficient to convert the kinetic energy
to thermal energy (see Fig.8 at right). Beyond this latter distance,
the density of the unshocked shell partρ(4) has decreased in accord
with the spherical expansion of the shell, toρ(4) � γ2

(4) ρISM. As a
result, the reverse shock becomes relativistic. This behavior is char-
acteristic for an initial thin cold relativistic shell decelerating in a
constant density external medium. In fact, until the outward prop-
agating shell reachesR ∼ 3.8 × 1017cm, the shocked ISM matter
is hot e(2) ∼ 30.0ρ(2) (whereγ(2) = 30 corresponds to the analyti-
cal solution for the relativistic forward shocke(2) =

(

γ(2) − 1
)

ρ(2)),
while the shocked shell material which hase(3) = e(2) is cold, since
e(3) ∼ 0.01ρ(3). When the density in the non-shocked shell (i.e.ρ(4))
decreases enough due to spherical expansion, the Lorentz factor of
the reverse shock increases and the last part of the shocked shell
becomes hote(3) ∼ ρ(3).

There is another region (5) indicated in the figures behind the
shell. The density and the pressure in the region (5) are verysmall
with n(5),min < 10−6cm−3 and p(5),min < 10−6mpc2. Therefore, the
region (5) is in the numerical point of view a vacuum. This region
(5) is not of strong interest for the physics of the afterglow, but it
is computationally challenging to resolve the interface between the
regions (4) and (5) where the ratio of the lab frame density between
the two reachesD(4)/D(5) ∼ 1014.

The near-total deceleration of the shell only takes place when
the two shocks in the shell-ISM interaction manage to convert an
important fraction of the kinetic energy of the shell to thermal
energy (and the efficiency of this conversion depends on whether
the reverse shock is relativistic or Newtonian, as discussed above),
while the rest is transferred to the swept-up ISM in the form of ki-
netic and thermal energy. In the first phase of the deceleration, the
maximum Lorentz factor of the shell decreases gently from 100 at a
distance ofR∼ 2.5×1017cm to 80 at a distance ofR∼ 4.3×1017cm.
However, only at the latter distance of 4.3 × 1017cm, a sudden de-
crease of the maximum Lorentz factor of the entire configuration
from γ = 80 to γ = 30 takes place. This fast drop of the maxi-
mum Lorentz factor as seen in Fig. 10 coincides with the moment
at which the reverse shock reaches the back end of the cold shell,
thereby converting its kinetic to thermal energy (Fig. 9). In fact,
when plotting the maximal Lorentz factor as a function of distance,
initially we always observe the Lorentz factor of the unshocked
shell matter. As soon as the reverse shock has crossed the entire
initial shell, we start to follow the evolution of the Lorentz factor
of the shocked ISM (at the forward shock) where the maximum
Lorentz factor is 30 at that particular moment.

After this phase, the shell structure continues to decelerate by
transferring its kinetic energy to shocked ISM matter at thefor-
ward shock. However, as seen in Fig. 10, it still takes a certain
time before the variation of maximum Lorentz factor now charac-
terizing the shocked ISM matter follows the self-similar analytical
solution for blast-wave deceleration as put forward by Blandford
& McKee (1976). From about a distance of 1.2 × 1018cm, our nu-
merical solution starts to follow the analytical solution precisely. In
fact, after the reverse shock traversed the entire initial shell, a for-
ward traveling rarefaction wave propagates through the entire struc-
ture thereby slowing it down while transferring most of the energy
to shocked ISM regions. This structure does not follow the self-
similar prescription and causes the initial difference. In the end, the
distance between the forward shock and the contact discontinuity

increased sufficiently and the resulting radial thermodynamic pro-
files in between become fully described by the Blandford-McKee
analytical solution. The Lorentz factor predicted by the Blandford-
McKee solution behind the forward shock (for an adiabatic shock)
isγBM = (E/ρISMc2R3)1/2 ∝ R−3/2. The prediction of the Blandford-
McKee solution for the Lorentz factor of the flow is also plotted in
Fig. 10 and the agreement with the results of the simulation at these
later stages of the decelation is good.

Eventually, we enter into the mildly relativistic regime for the
blast wave evolution. The transition to the Sedov-Taylor phase oc-
curs beyond the simulated distanceR> 300×1016cm, since we still
have a Lorentz factor of about 3 at the end of the simulation. The
Sedov-Taylor distance we find is close to the analytical estimate
given byl ∼ (3E/4πρISM c2)1/3 ∼ 5× 1018cm.

4.2 2D modeling of directed ejecta

Precise analysis of the afterglow phases requires to evolvenumer-
ically confined ejecta in more than 1D, propagating in a jet-like
fashion into the ISM. We now present axisymmetric, 2D simula-
tions of a relativistic cold shell propagating in uniform ISM with
a number densitynISM = 1 cm−3. In this work, we investigate the
uniform model jet (Rhoads 1999). The shell density and energy is
set constant throughout the shell, and we take it to correspond to
an isotropic spherical shell containing an equivalent isotropic en-
ergy Eiso = 1051ergs and a Lorentz factorγ = 100. To make the
2D computation feasible, we now start the simulation with a shell
thicknessδ = 1014cm at a distanceR0 = 1016cm from the cen-
tral engine. In the initial setup the shell occupies an annular region,
with half opening angle of the shell equal toθ = 1◦. This angle is
rather small with respect to those typically deduced from model-
ing of the optical light-curve breaks but still in agreementwith the
most collimated GRB flows (Bloom et al. 2003; Panaitescu 2005).
With the choice of a rather narrow jet, we expect the 2D effects to
appear earlier and to be more pronounced with respect to a spher-
ical shell with the same isotropic equivalent energy. Note that as a
result, this jet like outflow has a decreased effective energy in the
shellEjet = (θ2/2)Eiso.

The AMR run uses 4 grid levels, taking 400× 6000 at level 1,
but with refinement ratios of 2, 4 and 2 between consecutive levels
eventually achieving an effective resolution of 6400× 96000. The
domain is [0,4] × [0.3,30] in R0 units, as we specifically intend
to model in detail the most dramatic phase of deceleration prior
to the Blanford-McKee evolution. Note that we initially have γ >
1/θ, which appears to be the case for a GRB jet. Beaming effects
are invoked to explain the observed steepening in the decay light
curve resultant from the transitionγ > 1/θ (indistinguishable from
an isotropic explosion) toγ < 1/θ (Panaitescu & Mészáros 1999;
Panaitescu & Kumar 2002; Panaitescu 2005). With these setupwe
can verify from our high resolution simulation whether up totimes
corresponding to the transitionγ ∼ 1/θ, only the isotropic energy
Eiso is relevant for the dynamics and the resulting emission (Piran
2000; Granot 2005).

The initial velocity of the shell is purely radial. Note that, com-
pared to the 1D isotropic case presented in the previous section, the
2D simulation starts with an initial condition containing less en-
ergy. This is done for mere practical reasons: we wish to keepthe
computation feasible within two week’s execution time on a single
processor. Due to this lower energy content, the deceleration dis-
tance will be smaller by about one order of magnitude since less
swept-up ISM mass is sufficient to decelerate the shell. This re-
duces the need for resolving many decades of propagation distance
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as measured in units of the initial shell thickness. In fact the 1D
equivalent isotropic case with the same energy shows a sudden de-
crease of the maximum Lorentz factor of the decelerating configu-
ration that corresponds to the reverse shock crossing of theshell at
R∼ 9×1017cm. This happens well before the simulated 3×1017cm.

Fig. 11 shows at the (top), the sound speed contour, and the
density distribution in a logarithmic scale in the (left), and the
Lorentz factor in the (right). At the bottom, a zoom in the region
around the shell is shown in the (left), the sound speed and the
lateral velocity, in the (right) the Lorentz factor, and in the (cen-
ter) a zoom only on the shell, the density and Lorentz factor.As
in the 1D case, at first the shell propagates with a constant maxi-
mum Lorentz factor, and this is accompanied by a weak spread of
the shell. Part of this radial shell widening in the bottom part of
the shell is affected by the creation of a very low pressure and den-
sity region below the shell (also occurring in the 1D scenario). This
near-vacuum state remains at the rear part as the shell movesaway
at the specified Lorentz factor. In this 2D simulation, the unshocked
shell also spreads laterally with an initial transverse (horizontal) ve-
locity, since the shell is launched with a pure radial velocity. The
corresponding maximum initial lateral velocity of the unshocked
shell isvT = 0.0175c. However, the shocked, swept up ISM matter
spreads laterally much faster, due to its high thermal energy con-
tent. Initially, that shocked ISM part spreads with a comoving ve-
locity of vT,co ∼ 0.4c, which is less than the maximum sound speed
allowed by the polytropic equation of statec/

√
3. Due to this fast

sideways expansion of shocked shell and ISM, the mass of the ISM
hit by the shell grows faster thanr2. Therefore, the deceleration of
the shell starts earlier than in the isotropic case, see Fig 12. This re-
sult implies that the transition from the phase whereEiso is relevant,
to the phase whereEjet is relevant in the dynamics takes place when
the shocked ISM and shell start to spread laterally much faster than
what corresponds to pure radial (ballistic) flow.

In the last part of the shell-ISM deceleration phase, when the
reverse shock has crossed the entire initial shell material, the lat-
eral velocity of shocked shell material reaches a comoving speed of
vT,co ∼ 0.7c. This means that we do find that the lateral velocity can
be bigger than the sound speed in the medium which is in accord
with the analytical result of Sari et al. (1999). This is at odds with
numerical findings as those found in Cannizzo et al. (2004), which
employ a much reduced resolution as compared to our AMR results
(at low resolution, we do obtain a reduced lateral spreadingveloc-
ity). As a result of this fast lateral spread of the shocked material,
distinct differences occur in the deceleration stages as compared to
the isotropic case. This result is very important, as it shows that
the lateral spreading of the shell is not related only to the Lorentz
factor of the shell but to the type of the reverse shock. In ourcom-
putation, in an early phase the reverse shock is Newtonian and the
expansion of the shocked shell part is modest. However, in a later
phase the reverse shock becomes relativistic and this leadsto faster
lateral spreads. However, as the forward shock is always relativis-
tic, already in an early stage the shocked ISM spreads with high ve-
locity. The overall spreading of the shocked ISM and shockedshell
configuration can, thus, be quite complex and rather more evolved
than the one that semi-analytical models (Rhoads 1999; Panaitescu
& Mészáros 1999; Sari et al. 1999; Piran 2000) predict.

Only that part of the ISM found within the solid angle of the
expanding shell is swept up, and this opening angle changes due
to the spreading effects just discussed. In our 2D simulation, we
found in analogy with the 1D (higher energy) case from above,that
the reverse shock is initially Newtonian, so the thermal energy in
the shocked part of the shell does not increase a lot and its lateral
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Figure 12. The variation of the maximum Lorentz factor evolution in 1D
and 2D scenarios compared.

expansion remains weak for a while. Later on, its lateral expansion
speed goes up to the 0.7c mentioned above, as the reverse shock
becomes relativistic and the material through which the shocked
shell expands laterally has already been brought to lower densities
by the shocked ISM interaction.

The variation of the maximum Lorentz factor is less sud-
den than in the equivalent 1D spherical explosion, as quantified in
Fig. 12. The part of the shell most distant from the symmetry axis
decelerates before the more internal part. The shell sweepsup more
matter than in the corresponding isotropic case in the external parts
due to the lateral spreading effects discussed. In fact, in this simu-
lation we may draw the analogy between the shell interactionwith
the ISM and simulations of relativistic AGN jet propagationinto
an external medium. As in those cases, the energy is transferred to
the ISM through a bow shock structure. The changing 2D structure
of this shock leads to differences in the shocked ISM mass loaded
on to the shell. As stated earlier, only a fraction of the ISM within
the opening angle of the shell is swept up, and an important part of
ISM matter gets pushed away laterally as the thin radially confined
shell advances.

The resulting behavior is clearly influenced by these 2D ef-
fects, and is the reason why the maximum Lorentz factor of the
configuration starts to decrease earlier than in the 1D scenario. In
an isotropic scenario all swept up mass of the ISM remains in front
of the initial shell where most of the energy of the shell is continu-
ally transferred to shocked ISM. However, in the jet-like explosion,
the shocked ISM and shell expand laterally leading to interaction
with more ISM material, but the main part of this ISM materialgets
deflected about the shell. As seen in Fig 11, we find rather complex
flow patterns trailing the thin shell. Hence, the mass accreted on
to the shell in fact decreases as compared to the equivalent local
isotropic scenario. Therefore, less energy is transferredcontinually
to the shocked ISM.

One interesting characteristic of the maximum Lorentz factor
of the beamed shell at radiiR > 7 × 1016cm is the “bumps” that it
shows as function of radius. These modulations ofγmax are a result
of rapid internal motions of the decelerating configurationcaused
by the complex shell-ISM interaction. In view to the very rich and
unexpected early afterglow phenomenology revealed by theSWIFT
satellite (see, for example, Zhang et al. (2006)), it is interesting to
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study whether these proper motions can cause a significant modu-
lation in the emitted radiation expected from these flows.

In this simulation, we find no real indication of a strong
change in lateral spreading of the shell when the Lorentz fac-
tor drops down toγc = 1/θ ∼ 57 (Rhoads 1999; Panaitescu &
Mészáros 1999). In fact, an important change is produced later,
when the Lorentz factor of the shell becomes smaller than 30,while
the lateral velocity of the shell reachesvT,co ∼ 0.7c. As pointed out,
this coincides with the time when the reverse shock became rela-
tivistic and almost crossed the initial shell entirely. After this phase
of rapid lateral spread, we find that the spread out shell decelerates
faster, as it accumulates more matter (Fig. 11). More simulations
with different values for the shell opening angle and thickness are
to investigate how these parameters affect the phase of the deceler-
ation where the lateral spreading of the shell becomes important.

5 CONCLUSIONS

In this paper, we presented and applied the AMRVAC code in its
extension to relativistic hydrodynamics. The adaptive mesh refine-
ment is particularly useful for simulating highly relativistic flow dy-
namics. We always used the robust TVDLF sheme, and this shock-
capturing method together with high effective resolution delivers
numerical results that can rival or even improve other high order
methods. As is well-known, difficulties in special relativistic hy-
drodynamic simulations result from the non linear couplingbe-
tween different components of the velocity by the Lorentz factor
and also the coupling between inertial and thermodynamics.We
demonstrated that Adaptive Mesh Refinement (AMR) is then very
useful to resolve the associated very thin structures properly. We
tested the code ability with stringent recent test problemscollected
from the astrophysical literature, including 1D and 2D shock tube
problems, an ultrarelativistic flow reflecting of a wall, a relativistic
variant of a forward-faced reflecting step, and 2D astrophysical jet
propagation.

We used the fireball model to investigate 1D and 2D after-
glow phases in GRBs. In 1D, we examined the evolution of a cold
relativistic shell with a Lorentz factor of 100 in uniform medium.
In this simulation we discussed details of the internal structure of
the evolving shell-ISM ejecta and compare them with analytical
estimates. We followed the evolution of this isotropic explosion al-
most all the way into the classical Sedov phase. At all times,we
resolve the various regions that characterize this interaction. We
quantified and discussed the precise deceleration of the relativistic
shell. When most of the initial energy of the shell is transferred to
swept-up shocked ISM (this occurs at the forward shock), thede-
celeration of shocked ISM is eventually well described by the rela-
tivistic Blandford-McKee self-similar solution. Hence the Lorentz
factor of the forward shock decreases asR−3/2.

We investigate also the afterglow phase for a beamed 2D shell.
In this model, we discussed analogies and important differences
with the 1D model. The interaction of a confined relativisticshell
with the ISM is characterised by the appearance of a bow shock. We
showed how ISM material is laterally pushed out, thus decreasing
the amount of accumulated matter in front of the shell near the axis.
The part of the shell furthest away from the axis deceleratesthen
faster than in a 1D spherical case. Although the deceleration of the
shell starts early as compared to an equivalent isotropic case, the
deceleration of the inner part of the shell is slow due to the weak
accreted ISM matter in front of the shell. The thermal energyof the
shocked ISM increases and induces a lateral spread of this shocked

ISM. We have shown with a high resolution simulation of jet-like
GRB models in their afterglow phase that this lateral expansion
goes through various phases.

First, the shell spreads only with its initial lateral velocity un-
til it accretes enough ISM matter. In this phase, the shockedISM
spreads laterally with a velocity near the sound speed. However,
the reverse shock propagates in a Newtonian fashion throughthe
shell, thus having a small efficiency in the conversion of the kinetic
energy of the shell to thermal energy, hence the expansion ofthe
shocked shell is still weak. Only in a later phase when the reverse
shock becomes relativistic, the lateral expansion of the shocked
shell increases drastically and reaches a high velocityvT ∼ 0.7c.
The transition from slow to fast lateral spreading of the shell is
thus related to the transition from Newtonian to relativistic reverse
shock propagation. However, as the forward shock is always rela-
tivistic the shocked ISM spreads laterally faster.

The 2D simulation has revealed rapid internal motions in the
decelerating configuration. It is possible that these motions result in
modulations in the afterglow emission. In future work, we intend to
use these and similar simulation results to compute their predictions
for the precise afterglow spectral evolution.
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Mészáros, P., Meszaros, P., 2006, Rep. Prog. Phys., 69, 2259
Metzger, M. R., Djorgovski, S. G., Kulkarni, S. R., Steidel,C.
C., Adelberger, K. L., Frail, D. A., Costa, E., Frontera, F.,1997,
Nature, 387, 879

Mignone, A., Plewa, T., Bodo, G., 2005, ApJS, 160, 199
Oren, Y., Nakar, E., Piran, T., 2004, MNRAS, 353, L35
Panaitescu, A., Wen, A., Laguna, P., Mészáros, P., 1997, ApJ, 482,
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Panaitescu, A., Mészáros, P., 1999, ApJ, 526, 707
Panaitescu, A., Kumar 2002, ApJ, 571, 779
Panaitescu, A., Kumar 2003, ApJ, 592, 390
Piner, B. G., Unwin, S. C., Wehrle, A. E., Zook, A. C., Urry, C.
M., & Gilmore, D. M. 2003, ApJ, 588, 716

Piran, T., 2000, Physics Reports, 333, 529
Piran, T., 2005, Rev. Mod. Phys., 76, 1143
Piro et al., 1998, A&A, 331, L41
Pons J. A., Marti, J. M., Müller E., 2000, J. Fluid Mech., 422, 125
Rhoads, J. E., 1993, ApJ, 591, 1097
Rhoads, J. E., 1997, ApJ, 478, L1
Rhoads, J. E., 1999, ApJ, 525, 737
Sahu, K. C., Livio, M., Petro, L., Macchetto, F. D., van Paradijs,
J., Kouveliotou, C., Fishman, G. J., Meegan, C. A., Groot, P.J.,
Galama, T., 1997, Nature, 387, 476

Sari R., Piran T., 1995, ApJL, 455, L143
Sari, R., Piran, T, & Narayan, R., 1998, ApJL, 497, L17
Sari R., Piran T., 1999, ApJL, 517, L109
Sari R., Piran T., & Halpem, J. P., 1999, ApJ, 519, L17

Shemi, A., Piran, T., 1990, ApJ, 365, L55
Soderberg A. M., Ramirez-Ruiz E., 2001, AIP conf. Proc. 662:
Gamma-Ray Burst and Afterglow Astronomy 2001, pp172-175

Stanek, K. Z., Garnavich, P. M., Kaluzny, J., Pych, W., Thompson,
I. , 1999, ApJ, 522, 39L
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